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Abstract 
We consider gossiping in the complete doubly directed graph, i.e. telegrams arranged in rounds 
are used to exchange information between n points, each having one initial item.It is proved 
that at least 1.44’..log, n rounds are needed to inform everybody about those n distinct items of 
information. 
1. Introduction 
Suppose each of n=2m points (vertices, processors) 1,2, ... ,2m knows an item of 
information unknown to all the others. We arrange a complete exchange of all 
information in rounds using telegrams: Every round consists of m parallel telegrams, 
in each of which a sender siE{ 1,2, . . . ,2m} proceeds all information he already 
knows to one receiver riE { 1,2, . . . ,2m}, i = 1,2, . . . , m. Here {St} and (ri} are disjoint, 
i.e. in a round each point is either a sender or a receiver. A basic combinatorial 
question is how many rounds are needed to inform everybody of everybody else’s 
information. 
The problem of minimizing the number of rounds for one-way communication 
was first investigated in 1979 by Entringer and Slater [l]. Let F, denote the sth 
Fibonacci number, i.e. F, = Fz = 1 and F k+l=Fk+Fk_l for k>2. For F,_,<m<F,, 
they constructed an arrangement of telegrams in s + 1 rounds to complete information 
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exchange between 2m points. For the minimum number of rounds, T(n), this 
gives 
where t = f (,,&+ 1) is the positive root of x2 -x - 1. We will prove the following 
theorem. 
Theorem 1.1. T(2m) > log,(2m). 
This communication problem is a variation on the ‘telegraph problem’, in which we 
seek to minimize the total number of telegrams rather than the number of rounds. It is 
easy to see that this minimum equals 2n-2. The problem of one-way transmissions 
was itself a modification of the ‘telephone’ or ‘gossip’ problem which sought to convey 
all information by the minimum number of two-way transmissions. Here one needs at 
least 2n - 4 calls, or at least r log, n] rounds of calls. The latter differs from the lower 
bound for telegrams by a factor of log,2- 1.44... Hence, the power of bidirectional 
calls provides a noticeable improvement in efficiency when we try to minimize the 
number of rounds, but not when we try to minimize the number of transmissions. We 
refer to [3] for references related to the above-mentioned results. 
2. Proof of the theorem 
Let cJi) be the number of units of information which the point id { 1,2, . , . ,2m} 
knows after the kth round. Additionally, we define c,,(i):= 1 for i= 1,2, . . . ,2m. The 
basic idea is to consider the growth of the function 
f(k):= ; c&f(i). 
i=l 
Now we estimate f(k + 1) using f(k). For any fixed k, we may relabel the points to 
assume that for i= 1,2, . . . , m, the point i sends and addresses its telegram to i+m. 
Consequently, ck + 1 (i) = ck(i) and c k+I(i+m)<ck(i)+ck(i+m) for i=1,2, . . . ,m. This 
means 
f(k+l)< 2 {ckZ(i)+[ck(i)+ck(i+m)12}. 
i=l 
(1) 
We continue (1) using the fact that for real a, b, we have a2 +(a + b)2 <~‘(a’+ b’), 
which follows from u2+(u+b)Z-~2(u2+b2)=(l-z)(u-tb)2~0. Hence,f(k+l)< 
r2f(k) and withf(0) = 2m we finally obtainf(K) < r2K2m for the last round K. On the 
other hand, cg(i)=2m for all i because, at the end, each point knows n items. This 
implies z’“>(2m)’ or K > log,(2m), which completes the proof. 
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3. Oddn 
An analogous model can be considered for exchanging information among 
n =2m+ 1 points. Note that here, in every round, one point is neither sender nor 
receiver because all connected pairs must be pairwise disjoint. All we know in this case 
follows from the results for even n by applying the following lemma. 
Lemma 3.1. For m30, T(2m)+23 T(2m+ l)aT(2m+2). 
Proof. As noted in Cl], the first inequality is obtained by starting with one round in 
which the extra person transmits to someone else, then applying an optimal scheme 
on the other points, and finishing with a round in which someone transmits to the 
extra person. To prove the other one, let us consider an information exchange between 
2m+ 1 points with telegrams arranged in T(2m+ 1) rounds. Let p and p’ be the 
nonactive points in the first and last round, respectively. Adding telegrams from the 
additional point, 2m + 2, to p in the first round, and from p’ to 2m + 2 in the last round 
completes information exchange even between 2m + 2 points within the same number 
of rounds. 0 
4. Remarks 
Entringer and Slater [l] also considered the more general model where a point can 
either send to or receive from k other points. In [6] we apply the same method as here 
to the generalization, and we construct a new scheme showing optimality of the lower 
bound up to a gap of one round. 
While this paper was being refereed, we learned about three other independent 
solutions to the same problem in [2,4,7], where different modifications and generaliz- 
ations were considered. 
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